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Critical temperature of deconfinement in a constrained space in a bag model at
vanishing baryon density
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The geommetry of the fireball in relativistic heavy ion collisions is approximated by a static box,
which is infinite in two directions but finite in the other direction. The critical temperature of decon-
finement phase transition is calculated explicitly in the MIT bag model at vanishing baryon density.
It is found that the critical temperature shifts to a higher value than that in an unconstrained space.
PACS numbers: 25.75.Nq, 12.38.Mh, 64.60.an, 12.39.Ba
I. INTRODUCTION
Phase transition is one of the most important topics in statistical physics. Besides the well-known liquid-gas phase
transition of nuclear matter [1–8], in nuclear physics it is widely believed that quark matter becomes deconfined at
extremely high temperature and/or density. In theory, the lattice QCD predicted a cross over at low baryon density [9,
10], while other models predicted a first order phase transition at high baryon density [11–13]. In experiments, the
QGP are expected to be found in two kinds of systems at quite different scales, the neutron stars [14] and the
relativistic heavy ion collisions [15–23]. The former is far larger than a usual real object in condensed matter, while
the latter is comparable to that of a nucleus. The order of the magnitude of the transition temperature can be
estimated in a very rough but simple way that the radius of a nucleon is about 1 fm, therefore the typical temperature
to break it up is the inverse of the radius 1/(1 fm) ≈ 0.2 GeV, which is close to the transition temperature from lattice
QCD. The length scale of a typical nucleus is several times larger than that of a nucleon. With such a comparision,
one can expect that the finite size effect is neither dominant nor negligible in relativistic heavy ion collisions.
Many progresses are made to understand finite size effects. [24–33] In (ultra)relativistic heavy ion collisions, the
projectiles are contracted strongly in the beam direction due to their fast speed. Therefore the initially produced
fireball is like a thin pancake. The typical length of the fireball in the longitudinal direction is L = 2ct, where c is
the speed of light and t is the time after the collision. In the first few fm/c, the length L is obviously smaller than
the transverse size of the fireball. Thus the finite size effect is mainly due to the finite length L. Meanwhile the
baryon density in high energy nuclear collisions is also small. In this paper, we focus on the L depedence on the phase
transition temperature Tc in a simple bag model at zero baryon density phenomenologically.
The MIT bag model in an unconstrained space is reviewed shortly in Sec. II. It is generalized to a constrained space
in Sec. III to obtain the shifted critical temperature Tc. The results are summarized in Sec. IV.
II. BAG MODEL IN UNCONSTRAINED SPACE
In the MIT bag model [24, 34, 35], the system experience a first-order phase transition at critical temperature Tc,
which is determined by the mechanical equilibrium condition
pQGP = pHG, (1)
where pQGP and pHG are the pressure of QGP and that of hadron gas, respectively. The pressure of QGP is
pQGP = p
0
QGP −B1/4,
where p0QGP is the pressure of ideal parton gas, and B is the bag constant counting for the non-perturbtive interaction,
while pHG is the pressure of ideal hadron gas.
In relativistic heavy ion collisions, the scale in the beam direction is usually much smaller than that in the transverse
direction at early stage of the fireball. As an approximation, we consider a static box, which is constrained in one
direction (as the beam direction) with its thickness L and it is not constrained in the other two directions (as the
transverse directions).
In such a system, the pressure is not homogeneous, and can not be compared between two phases directly. Thus
we first translate Eq. (1) into the partition function Z in a grand canonical ensemble. Note that for unconstrained
system, the pressures is p = TV lnZ, where T and V are the temperature and volume of the system, respectively. Then
2Eq. (1) becomes
T
V
lnZ0QGP −B =
T
V
lnZHG, (2)
or in a dimensionless form
β3 lnZ0QGP
V
− β4B = β
3 lnZHG
V
(3)
with
lnZ0QGP =
∑
i∈{partons}
lnZi,
lnZHG =
∑
i∈{hadrons}
lnZi,
β =
1
T
.
In the above, the partition function of one particle i is
lnZi = ±
∫
dε Di(ε) ln
(
1± e−βε) , (4)
where Di(ε) is the density of single particle states. The upper and lower sign are for fermions and bosons, respectively,
in the above equation and in the following. Because in high energy collisions the baryon density is small, we have
taken the chemical potential as zero. In unconstrained space, the density of states is
Di(ε) = gi
∫
dxdp
(2pi)3
δ
(
ε−
√
p2 +m2i
)
=
giV εpi
2pi2
, (5)
with pi =
√
ε2 −m2i in the last term, and gi and mi are the degeneracy of inner degree of freedom and the mass of
particle i, respectively. By substituting Eq. (5) into Eq. (4), we obtain
β3 lnZi
V
=
giI±(m¯i)
2pi2
, (6)
with
I±(m¯) =
∫ +∞
0
xf±(x, m¯)dx.
and
f±(x, m¯) = ±x ln
(
1± e−
√
x2+m¯2
)
,
with m¯i = βmi. In the following, we will omit the subscript ± for simplicity unless it is necessary to be written out.
We take the constitute of QGP as massless gluon, massless u and d quarks, and s quark with its mass ms = 150
MeV, and the constitute of hadron gas as all hadrons in particle listing [36] below 2 GeV. We also take the bag
constant as B = (236 MeV)4, then a critical temperature of Tc = 165 MeV is obtained.
III. BAG MODEL IN A SPACE CONSTRAINED IN ONE DIRECTION
Now we consider a box, which is infinitely large in two directions, but with a finite length L in the other direction
along the z-axis. We assume Eq. (3) still holds with the same bag constant B. Note that the group velocity of the
fireball is strictly constrained by the speed of light, so that no wave function can exceed the lightcone. That is, for
particle i, its wave function ψi(x, y, z, t) vanishes at z = ±ct = ±L2 , at given time t. This corresponds to a Dirichlet
boundary condition on the wave functions of the particles. Therefore we work out the calculation mainly under such
a boundary condition. The difference between the results of Dirichlet boundary condition and that of the periodic
boundary condition will be shortly discussed at the end of this section.
3For a particle constrained in z direction with Dirichlet boundary condition, the density of states is
Di(ε) = gi
∫
dxTdpT
(2pi)2
+∞∑
nz=1
δ
(
ε−
√
p2T + p
2
z +m
2
i
)
(7)
with p2z =
(
nzpi
L
)2
. Working the integral out, one finds
Di(ε) =
giV ε
2piL
[
piL
pi
]
, (8)
with pi =
√
ε2 −m2i . The square brakets here stand for the floor function. With the help of Poisson summation
formula, the corresponding result to Eq. (6) is
β3 lnZi
V
=
giI(m¯i)
2pi2
(
1 +R2(Λ, m¯i)− 1
Λ
R3(m¯i)
)
, (9)
with
R2(Λ, m¯) =
2
I(m¯)
+∞∑
k=1
∫ +∞
0
dxf(x, m¯)
sin(kΛx)
kΛ
,
R3(m¯) =
pi
I(m¯)
∫ +∞
0
f(x, m¯)dx,
Λ = 2LT.
Details of the calculation can be found in the appedix. The first term 1 in the bracket on the right hand side of
Eq. (9) is exactly the result in unconstrained space; the second term counts the difference between summation and
integral; the third term is from the missing zero-mode (pz = 0 mode) in Dirichlet boundary condition. One can
calculate directly to find R3 =
√
2pi
m¯
K3/2(m¯)
K2(m¯)
=
√
2pi
m¯
(
1− 78m¯+15
)
in a large m¯ limit and R3± = 13∓114
ζ(3)
ζ(4)
pi
2 at m¯ = 0.
If we replace the definition of f by a classical distribution fcl(x, m¯) = xe
−β√x2+m¯2 , then we have R3 = pi2 , which
will be used to replace R± in an estimation later in this section. The values of R3 and those of R2 as a function of
m¯ are shown in Figs. 1 and 2, respectively. They keeps positive and decreases with m¯ monotonically. As shown in
the figures, the correction from the R3 term is always larger than that from the R2 term in the whole range of m¯ at
Λ > 1, and the R2 term is even negligible at Λ > 3. As a result, the correction is always negative as Λ > 1. It can
also be seen that the correction is stronger for light particles, and therefore is more strong to the QGP phase than
the hadron phase. Then the shift of critical temperature can be understood.
As an example, we compare the grand potential density ω at L = 4 fm with that at L = +∞ of both the QGP
phase and the hadron gas phase, where the grand potential density is
ω(T, L) =


−T lnZ
0
QGP
V +B, for QGP,
−T lnZHGV , for Hadron gas.
To be dimensionless, we further scale the ω by a constant ω(Tc,+∞) to define
r(T, L) =
ω(T, L)
ω(Tc,+∞)
. (10)
The values of r(T, L) at L = +∞ and L = 4 fm as a function of T is shown in Fig. 3. Because the system in an
equilibrium state always minimize the grand potential, and the constant in denominator on the right hand side of
Eq. (10) is negative, the larger r is preferred by nature, and the phase transition happens at the cross point (in red)
of the two states of matters. At L = 4 fm, both curves of the QGP and of the hadron gas becomes smaller due to the
correction of the R3 term, and the shift for the QGP is larger due to the small mass of the partons. Therefore the
critical temperature shifts to a higher value. As a result, the critical temperature shifts from 165 MeV to 179 MeV.
Repeating this process, one finds the critical temperature as a function of the length L of the system, as shown in
Fig. 4. Since there is no qualitative difference between different L, the critical temperature Tc shifts to higher values
in the whole range of L than at L = +∞. It can be seen that even at L = 8 fm that is the scale of the radius of a
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FIG. 1: Values of R3 as a function of m¯.
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FIG. 2: (Color online) Values of R2 as a function of m¯. The solid, long dashed, dotted dashed curves are at Λ = 1, 2, and 3,
respectively. At each Λ, the upper thicker curve (in blue) is for bosons, while the lower thinner one (in red) is for fermions.
nucleus, the shift of Tc is still above 5 MeV. It should be noticed that the results at small L ∼ 2 fm is not reliable,
because the hadrons are regarded as point particles in this model.
Now we give a rough estimation on the order of the magnitude of the shift of Tc for L > 2 fm. For this purpose,
we make some approximations. 1) The thermal properties are mainly determined by light particles. Therefore we
only consider massless partons and neglect the massive s quark in the QGP phase. 2) In the range of L > 2 fm and
T ≥ 165 MeV, it can be verified directly that Λ > 3. According to previous discussion, the correction is dominated
by the R3 term, and we can safely neglect the R2 term in Eq. (9). 3) Because the qualitative behavior of bosons and
fermions are similar, we take a classical limit to neglect the differences between them, that is R3 =
pi
2 . With these
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FIG. 3: (Color online) The values of r as a function T at L = +∞ (maroon) and L = 4 fm (black). Phase transition happens
at the red cross point.
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FIG. 4: Critical temperature Tc as a function of box length L.
assumptions, one obtains the grand potential density of QGP
ω(T, L) = − gT
4
2pi2V
(
1− pi
2Λ
)
+B (11)
with g =
∑
i∈{partons}
gi. Note that the slope of ω is the entropy density up to a minus sign, it is reasonable to assume
that the entropy in the QGP phase is sizeably larger than that in the hadron gas in such a first order phase transition
model. Therefore we further make a rough approximation 4) to neglect the change of ω with respect to T for the
6hadron gas. Besides, 5) for the same reason as in 1), the correction to hadron gas due to finite L is also neglected.
These two assumptions requires that ω(Tc, L) is a constant. By substituting Eq. (11) into this condition, we have
Tc(L) = Tc(+∞)
(
1− pi
4LTc(L)
)− 1
4
≈ Tc(+∞) + pi
16L
. (12)
Taking L = 4 fm, we have ∆Tc = Tc(L) − Tc(+∞) ≈ pi
16×4 fm = 10 MeV, which is qualitatively consistent with our
previous calculation. It can be seen from Fig. 3, that the main deviation comes from assumptions 4) and 5).
Note that the main correction is from the R3 term, which is the zero-mode contribution that vanishes in the Dirichlet
boundary condition. If a periodic boundary condition is used instead, i.e., pz =
2pinz
L with nz ∈ Z in Eq. (7), then
Eq. (9) is replaced by
lnZi = giV I(m¯i)
2pi2β3
[
1 +R2
(
Λ
2
, m¯i
)]
.
The critical temperature is only slightly smaller than that in unconstrained space (because of the R2 term). For
example, at L = 4 fm, it gives Tc = 164.9 MeV, which is only 0.1 MeV smaller than the value at L = +∞. The Tc
shifts to opposite direction because the sign in front of R2 is opposite to the sign in front of R3 in Eq. (9).
IV. SUMMARY
We calculated the shift of the critical temperature Tc in a constrained space in the bag model as a simplified
model for the fireball in relativistic heavy ion collisions. When constrained in one direction, the amplitude of the
grand potential density (which is the pressure in an unconstrained space) of ideal gas becomes smaller at the same
temperature due to the Dirichlet boundary condition, especially for light particles. As a result, this effect is stronger
for parton gas. As a result the new balance between QGP and hadron gas can only be established at a higher critical
temperature Tc than that in an unconstrained space. A rough estimation of the shift of the critical temperature
∆Tc =
pi
16L is also given for relatively large L.
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Appendix A: Derivation of Eq. (9)
By substituting Eq. (8) into Eq. (4), we have
lnZi = ±
∫
dεDi(ε) ln
(
1± e−βε)
= ±giS
2pi
∫
dε ε
[
piL
pi
]
ln
(
1± e−βε)
= ±giS
2pi
∫
dp p
[
pL
pi
]
ln
(
1± e−β
√
p2+m2i
)
= ± giS
2piβ2
∫
dx x
[
xL
piβ
]
ln
(
1± e−
√
x2+m¯2i
)
=
giV
piβ3Λ
∫ +∞
0
dx f(x, m¯i)
[
Λx
2pi
]
. (A1)
We omit the variable m¯i in f for simplicity in the following. Define
F (x) =
∫ x
−∞
f(ξ)dξ. (A2)
7Then the following equations can be verified directly
F (−x) = F (x), (A3)
F (+∞) = 0, (A4)
F (x) = −
∫ +∞
x
f(ξ)dξ. (A5)
Therefore, integrating by part, we have∫ +∞
0
dx f(x)
[
Λx
2pi
]
=
∫ +∞
0
dF (x)
[
Λx
2pi
]
,
= −
∫ +∞
0
F (x)d
[
Λx
2pi
]
,
= −
+∞∑
n=1
F
(
2pin
Λ
)
,
= −1
2
[
+∞∑
n=−∞
F
(
2pin
Λ
)
− F (0)
]
. (A6)
In the above, we have taken advantage of Eqs. (A3) and (A4). Substituting Eq. (A6) into Eq. (A1), and applying
the Poisson summation formula to the summation, we have
lnZi = − giV
2piβ3Λ
[
+∞∑
k=−∞
∫ +∞
−∞
F
(
2pix
Λ
)
ei2pikxdx− F (0)
]
= − giV
4pi2β3
[
+∞∑
k=−∞
∫ +∞
−∞
F (y) eikΛydy − 2pi
Λ
F (0)
]
= − giV
4pi2β3
[∫ +∞
−∞
F (y)dy +
(
+∞∑
k=1
+
−∞∑
k=−1
)∫ +∞
−∞
F (y)eikΛydy − 2pi
Λ
F (0)
]
=
giV
2pi2β3
[∫ +∞
0
xf(x)dx+ 2
+∞∑
k=1
∫ +∞
0
f(y)
sin(kΛy)
kΛ
dy − pi
Λ
∫ +∞
0
f(x)dx
]
=
giV I
2pi2β3
(
1 +R2 − 1
Λ
R3
)
.
This is Eq. (9). On the last but one line, we have inserted Eq. (A5).
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